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We obtain here an infinite family of integral complete tripartite grapbs. 
The ‘purpose- of this note is to obtain an infinite family of integral mmpjete 
tripartite graphs. For background see [l]. 
We recall first some detitions and facts. A complete n-pu*te gnzph 
K(p*, l . l 5 p,,) is a graph with a set A = AI U l l l U A,, of p1 + = l l + p,, vertices, 
where & are nonempty disjoint sets, \Ai I= pi for 1s i G n, such that two vertices 
in A a~ adja;cent if and only if they belong to different Ai, Aj. A graph is caHed 
inaegm! if all the eigenvalues of its adjacency matrix are integers. 
The eigenvalues of a complete n-partite graph K(p,, _ . . , p,)) with p1 < p2 < 
l l . <p,, are exactly the roots of the equation C;Lsl p,l(x + pi) = 1. 
We obtain here an infmite number of triples (pl, p2, p3) of difIerent positive 
integers such that all the roots of the equation & pJ(x + pi) = 1 are integral. 
Define 
p1= 4u2(u2 + v2)3, p2 = 4v2(u2 + v2)3, 
p3 = 3u2v2(u2+6uv + u2)(-u2+6uv -v’) 
= 3u2v2(34u2v2- u4- v4), 
where u, v are positive integers such that (3 - J8)v < u <v. 
For example, for u = 1, v = 2, we get p1 = 500, p2 = 2000, p3 = 1428. 
We show first that pl, p2,, p3 are positive integers different from each otl ner. 
Indeed, the condition (3-J~)v<u<v ensures -u2+6uv-v2>0 and so p3:*0. 
We have p1 < p2 because 0 < u <v. Assume p1 = p3 and Pet u = ho, v = tuO, wb ere 
(uo, vO) = 1. Then, 
4(i(Z + v;)3 = 3u~v;(34u5$J - u $-G) 
and so 
u~+v~=O (mod3) $+ uO=vO=O (mod3), 
coMradicting the fact (uO, v,) = 1. Therefore p1 # p3. Similarly p2 # p3. 
(Ml2-365x/84/$3.00 @ 1984, Elsevier Science Publishers B.V. jNorth-Holland) 
hecaJ;m -p1, -P2, -p3 are mot raots of f(x), the sum of the roots of f(x) k 0 and 
Xi+ x24-x3 ‘0, xllfX2. 
and so 
+_ @i _-_=o, 
i=; ” +*)(I +q) 
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As cFSl l/(l+c~)= 1, we obtain 
=Cula2cY3X2+(a~ taz+a3+2)x+2. 
The roots of the last equation are rational 
(al + 4x2 + a3)2 - 8ala2a3 $2 a square of a 
(al + a2 + 211kv2 - l), we obtain the condition 
if and only if its discriminar~u. 
rational number. As cy3= 
a1a~(a1+a2+2)~axa~(u1+a2-6)+8) is a square (2) 
NOW we jook for rationals al, a2 which fuBl condition (2) and also clll + cy2 - 6 = 
0. Condition (2) takes now the form: a1(6- al) is a square, that is, there exists 0 
rational positive such that CW~ -6al + p2 = 0. For given rational 0, the roqts of the 
equation x2-6x + p2 are rational if and only if 9- p2 is a square: 9 = ;j2+ y2 (7 
rational positive). Let @= S/I, y = t/r, where S, t, t are positive integers, SO 
s*+ t2 = 9r2. We have s = t ~0 (mod 3), s = 3s1, t = 3t, so finally we obtain 
s:+ tf= r2. Solving this Pythagorean equation leads us to the formulas above. 
It is prdmble that for n ~3 there also exist an infinite number of complete 
rz-partite graphs with integral spectra. 
I thank Professor 2&x11 Rubinstein &Jr&e&y of Haifa) for propos’ing to me 
the problem above and for useM discussions concerning it. 
[l] F. Harary and A.9. Schwenk, Which graphs have integral spectra?, in: Graphs and Combinatorics, 
Lecture Notes in Mathematics 406 (Springer, Berlin, 1974j.d 
